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Our goal is to explore the structure of the “small” subspaces of L, mainly for 2 < p < oo,
discussing older classical results and ultimately presenting some new results of [HOS]. We will
review first some Banach space basics. By L, we shall mean L,[0, 1], under Lebesgue measure
m.

Unless we say otherwise X, Y, ... shall denote a separable infinite dimensional Banach space.
X C Y means that X is a closed subspace of Y. X £ Y means that X is C-isomorphic to'Y,
i.e., there exits an invertible bounded linear 7' : X — Y with | T |T7]] < C. IfX ~Y we

. . c . . .
shall say X is isometric to Y. X — Y means X is C-isomorphic to a subspace of Y.

Definition. A basis for X is a sequence (x;)7° C X so that for all x € X there exists a unique

sequence (a;) C R with x =Y 7% a;a;, i.e., lim, > 0 | a;z; = @

Example. The unit vector basis (e;);2, is a basis for £, (1 < p < c0). Of course ¢; = (0;,;)32,

where 0, ; = 1 if ¢ = j and 0 otherwise.
Definition. (z;)° C X is basic if (x;)7° is a basis for [(z;)] = the closed linear span of (z;)?°.

Proposition 1. Let (z;)7° C X. Then
1) () is basic iff x; # 0 for all i and for some K < 0o, alln < m in N and all (a;)7" C R,

n m
1D il < K[| 3 e
1 1

(In this case (x;) is called K-basic and the smallest K satisfying 1) is called the basis constant

of (z;).)
2) (x;) is a basis for X iff 1) holds and [(z;)] = X.

(x;) is called monotone if its basis constant is 1.
The proof of this and other background facts we present can be found in any of the standard
texts such as [LT1], [AK], [D], [FHHSPZ]. The paper [AO] contains further background on

L,, spaces.
Definition. A bounded linear operator P : X — X is a projection if P? = P.
In this case if Y = P(X) then X =Y @ Ker P. Writing X =Y @ Z means that Y and Z

are closed subspaces of X and every x € X can be uniquely written x = y+ z for some y € Y,
z € Z. In this case Px = y defines a projection of X onto Y. Y is said to be complemented
in X if it is the range of a projection on X. Y is C-complemented in X if ||P|| < C.

If I/ C X is a finite dimensional subspace then F' is complemented in X. If X is isomorphic
to 5 then all Y C X are complemented but this fails to be the case if X ~ ¢35 by a result of
Lindenstrauss and Tzafriri [LT2].



Now from Propostion 1 if (z;) is a basis for X then setting P, (> a;x;) = >, a;x; yields
a projection of X onto ((z;)) = linear span of (x;)!,. Moreover the P,’s are uniformly
bounded and sup,, || P, || is the basis constant of (x;).

Not every Banach space X has a basis but the standard ones do.
The Haar basis for L, (1 <p < 0o): The Haar basis (h;)7° is a monotone basis for L,,.
hi =1
ha = 110,172 — Li/2,1]
hs = 1j0,1/4) — 111/a,1/9) ha = 1p1/9,3/4) — Li3/4,1)

To see this is a monotone basis for L, is not hard via Proposition 1. We need only check a

couple of things. First
2n : :
n n - ]_ (3
hi 2 = = z]- n . i 2 C R h Dn = Z— - .
((hi)7") {f El:a pp i (@) C }Were i |:2’fl72n
From real analysis these functions (over all n) are dense in L, (1 <p < 00).

Secondly to see 1) holds with K = 1 it suffices to show for all n, (a;)7™" C R,
n+1

n
1> aitll, < 13 aikil,
1 1

This reduces to proving if D = [, %] is a dyadic interval with left half D, and right half
D_ supporting the Haar function h = 1p, — 1p_ then for all a,b € R, |jalp]|, = [lalp + hl|,
or

lalpll, < [[(a+0)1p, + (a—b)1p_||, -

This is an easy exercise.

Definition. Basic sequences (z;) and (y;) are C-equivalent if there exist A, B with A~'B < C

and for all (a;) CR
1
D el <D asmil| < BJ| Y awi] -

This just says that the linear map T : [(z;)] — [(y;)] with Tz; = y; for all ¢ is an onto
isomorphism with | 7| |77 < C.

Proposition 2 (Perturbations). Let (x;) be a normalized K-basic sequence in X and let
(y;) € X satisfy

- 1
>l -l =< 5



Then (z;) is C(X)-equivalent to (y;) where C(X) | 1 as X\ | 0. If in addition [(y;)] is comple-

mented in X by a projection P and \ < o=sr then [(x;)] is complemented in X by a projection

8K P
Q where [|Qf — [|P|| as A | 0.
Notation. If (z;) and (y;) are C-equivalent basic sequences we write (z;) £ (ys)-

Definition. Let (z;) be basic. (y;) is a block basis of (x;) if y; # 0 for all ¢ and for some

O0=mng<m <nyg<---and (a;) CR,y; =37 . a;;

Note. (y;) is then automatically basic with basis constant not exceeding that of (z;).

If (x;) is a normalized K-basis for X we define the coordinate or biorthogonal functionals

(x}) via zf(>_ a;z;) = a;. From Proposition 1 we obtain ||z}|| < 2K and so for all (a;)

1
sl @l < 1> aimil] < D lal = ll(ai) e,

In other words || > a;z;|| is trapped between the ¢y and ¢; norms of (a;).

From Proposition 2 we obtain

Proposition 3. Let X have a basis (x;) and let (y;) C Sx = {z € X : ||z|| = 1} be weakly
null (i.e., v*(y;) — 0 for all x* € X*). Then given €; | 0 there exists a subsequence (z;) of
(y;) and a block basis (b;) C Sx of (x;) with ||z; — b;|| < &; for alli. In particular given ¢ > 0

we can choose (z;) to be (1 + €)-equivalent to a normalized block basis of (x;).

Definition. A basis (z;) for X is K-unconditional if for all >~ a;x; € X and all ¢; = £1,

It is not hard to show (z;) is unconditional iff for all z = ) a,x; € X and all permutations

7w of N,

xr = Z CLﬂ—(i)l’ﬂ-(i) .
iff for some C' < oo, all > aw; € X and all M C N, || Y., ;| < Cf Y a;x;f|. (This
just says that the projections (Py; : M C N) given as above are well defined and uniformly

bounded.)

Easily, the unit vector basis (e;) is a 1-unconditional basis for ¢, (1 < p < c0) or co.

Fact. The Haar basis is an unconditional basis for L, if 1 < p < oo.

This is a more difficult result (see [Bul]), if p # 2. For p = 2, (h;) is an orthogonal basis

=gl - ()™

hi
[ Al



More generally if (x;) is a normalized block basis of (h;) then || Y a;x;|l2 = (3 Jag]?)Y/2.

It is easy to check that (h;) is not unconditional in L;. For example if
(y’b) - (h17 h27 h37 h57 h97 h177 .- )

is the sequence of “left most” h;’s then

n

| 21: Tl ||1 =1 while for some ¢>0, || 21:(—1) Tl H1 >cn .

Definition. A finite dimensional decomposition (FDD) for X is a sequence of non-zero finite
dimensional subspaces (F;) of X so that for all x € X there exists a unique sequence (x;) with
x; € F; for all i and z =) ;.

As with bases the projections P,z = P,(> x;) = Y. x; are uniformly bounded and
sup,, || Py|| is the basis constant of the FDD. Also for n < m if P, gz = > " x;, then the
Pinm)’s are uniformly bounded and sup,,<,, || Pjnm| is the projection constant of the FDD.
(E;) is monotone if its basis constant is 1 and bimonotone if its projection constant is 1.

A blocking (G;) of an FDD (F;) for X is given by G; = ((F})j.,,. ;) for some 0 = ny <
ny < --- . (G;) is then also an FDD for X.

A basis (z;) also may be regarded as an FDD with F; = (z;).

From Proposition 3 we see that if 1 < p < oo and (y;) C Sy, is weakly null (equivalently,
f »Yi — 0 for all measurable £ C [0, 1]) then some subsequence is a perturbation of a block
basis of (h;) and hence is unconditional (just like for bases, block bases of unconditional bases

are unconditional). This fails in L; by a deep new result of Johnson, Maurey and Schechtman.

Theorem 4. [JMS]| There exists a weakly null sequence (z;) C Sr, satisfying: for all e > 0
and all subsequences (y;) C (z;), (h;) is (1 + €)-equivalent to a block basis of (y;).

Now lets fix 2 < p < oo and let K, be the unconditional constant of (h;) in L,. We shall
list what we consider to be the small subspaces of L,. These are also subspaces of L, for
1 < p < 2 but as we shall note shortly the situation there as to what constitutes “small” is
more complicated.

L, contains the following “small” subspaces



e (, (isometrically): If (x;) C Sy, are disjointly supported then
1/p
1/p
(X [ umora)
1/p
= (Xter)

Also [(z;)] is 1-complemented in X via Pz = )~ x}(x)x; where (]

) are the functions
naturally biorthogonal to (z;), z} = sign(x;)|z;|P~!.
e /5 (isomorphically) via the Rademacher functions (). (r,) are £1 valued independent

random variables of mean 0.

Khintchin’s inequality: For 2 < p < oo,

1/2
(S lanl?) ™ = I anrully < 132 anrall,
< Bp<zlan|2>1/2 .

Forl <p<?2

/ /
A (Claal) " < I aurally < IS awralla = (X Jal?)

The constants A,, B, depend solely on p.

e /5 (isometrically) via a sequence of symmetric Gaussian independent random variables
in S Ly
o (ly®1,), (isometrically)

For this we use that L, ~ (Ly[0, 2]®L,[5,1]), and L,[0, 3] ~ Ly[3,1] ~ L,[0,1]. More generally

if we partition [0, 1] into disjoint intervals of positive measure (1,,)2°, then L,(I,) ~ L, and
L, ~ (>°L,(1,)),. Hence L, contains also

e D l)y=(l®ld ), ={(x;):2; €l for all i
and [|(z;)| = O ||lzil[5)? < 0o} (isometrically)

Our topic will be to characterize when X C L,, 2 < p < oo, embeds isomorphically into or
contains isomorphically one of the four spaces ¢, 2, €, & {5 or (D {3),.

Now some remarks are in order here. First it is known that L, 4 L,ifp<qg<2(X £, Y
means X is C-isomorphic to a subspace of Y). Thus L, contain ¢, if p < ¢ < 2 so is this

“small”? Secondly we have



Proposition 5. Let X C ¢, (1 < p < o0). Then for all ¢ > 0 there exists Y C X with
y ' l, andY is 1+ e-complemented in (.

This is due to Pelczynski [P]. Every normalized block basis of (e;) in £, is l-equivalent
to (e;) and l-complemented in ¢, as is easily checked. Then one uses perturbation as in
Proposition 2.

Some other classical facts are

i) The ¢, spaces are totally incomparable, i.e., forall X C ¢, Y Cl, p#q, X £ Y.

ii) For 1 <p,g<oo, L, — L,iffg=20r1<p<qg<2 Alsol, — L,iff 1 <p<g<2
or q = 2.

Our next result shows that normalized unconditional basic sequences in L, 1 < p < oo, are

trapped between the £, and ¢, norms.

Proposition 6. a) Let 2 < p < oo and let (z;) € Si, be A-unconditional. Then for all

(an) CR,
1/2

(S lal) " < S awll, <28, (3 laaP)

b) Let 1 < p <2 and let (z;) € Sr, be A-unconditional. Then for all (a;) C R,

,1<Z |an|2>1/2 < H Zanxn”p < A(Z |an|p>1/l7

Proof. For t € [0,1], 2 < p < o0,

H Zanxn”p < )\H Z AT (1)

and so

I awlf < W /1||Zanxnrn(t)H§dt
(Peind) / / S auza(s)ra(®)]” dt ds
(AB,)? /0 (Zaixn(s)2)p/2ds
B (S la2alls)

IN

IN

(by the triangle inequality in L, /»)

B,y (X lan)”

This gives the upper />-estimate.



Similarly,

a2 [ (Tataie)” o
0
> /1Z|an|p|xn(s)|pd5‘=Z|6Ln|p
0

(using || - [|¢, <[ - [|e,)- The argument is similar for 1 < p < 2. O

The technique of proof, integrating against the Rademacher functions, yields

Proposition 7. For 1 < p < oo there exists C(p) so that if (x;) C S, is A-unconditional
then for all (a;)

m I e, ([ (S talnto?)as)

The expression on the right is the so called “square function.” By A £ B we mean A <CB
and B < CA.

1/p

Corollary 8. [S2] Let (x,) C Sy, 1 < p < 00, be unconditional basic. Then (x,) is equivalent
to a block basis (y) of (hy).

Sketch. By (1) it follows that if (y;) is a block basis of (h;) with |y;| = |x;| on [0,1] then

(yi) ~ (x;). By a perturbation argument we may assume each x; € (h;). Then it is easy to

construct the y;’s. Indeed given a simple dyadic function z and any n one can find y € (h;)2°
so that |y| = |z|. O

We are now ready to begin our investigation announced previously: if X C L, (2 < p < o0)
when does X contain or embed into one of the 4 small subspaces of L,, namely ¢, {5, £, ® ls
or (> 0s2),7 We begin with a result from 1960.

Theorem 9 (Kadets and Pelezynski [KP]). Let X CL,, 2 < p < oo. Then X ~ {ly iff
|- lla~1 -, on X; i.e., for some C, ||z|2 < ||z|, < Cllz||2 for all z € X. Moreover there is

a projection P : L, — X.

Sketch. First note that if v € Sp, and m{t : |z(t)] > e} > e then [|zs < ||z|, = 1 < 732 z]..

Indeed
1/2 1/2
2|2 = (/|x(t)|2dt) > (/ |x(t)|2dt) >e.gl/?
[l >e]

The direction requiring proof is if X ~ ¢ then || - |2 ~ || - ||, on X. If not we can find

(7;) C Sx, x; = 0, so that for all £ > 0, lim,, m[|x,| > €] = 0. From this we can construct a



subsequence (z,,) and disjointly supported (f;) € Sp, with lim; ||z,, — f;|| = 0. Hence by a
perturbation argument a subsequence of (x;) is equivalent to the unit vector basis of ¢, which
contradicts X ~ /5.

The projection onto X with ||z||, < C||z||s for z € X is given by the orthogonal projection
P: Ly — X acting on L,. For y € L,,

1Py, < ClIPyll2 < Cliyllz < Cliyllp -

g

Remarks. The proof yields that if X C L,, 2 < p < oo, and X + /5 then for alle > 0, ¢, Fx.

Moreover if (z;) € Sp, is weakly null and e = lim; ||z;|2 then a subsequence is equivalent to
the £, basis if € = 0 and the ¢, basis if € > 0.
In the latter case we have essentially (assuming say (z;) is a normalized block basis of (h;)

with ||z;||2 = € for all 7)

e a)' P =1 amilla < |1 asill, < KBy () af)'?

Pelczynski and Rosenthal [PR] proved that if X Kty then X is C (K)-complemented in L,
via a change of density argument.
Our next result shows that if X does not contain an isomorph of ¢, then it embeds into ,.

The argument uses “Pelczynski’s decomposition method.”
Proposition 10. [P] Let X be a complemented subspace of £,, 1 <p < oco. Then X ~ {,,.

Proof. £, ~ X @V for some V C ¢,. Also X ~ {, @ W for some W C X by Proposition 5.
Finally ¢, ~ ¢, & {,, and moreover (, ~ (¢, ® {, & - - - ),. The latter is proved by splitting (e;)
into infinitely many infinite subsets. Thus

b~ (@G )y~ (XeV)a(XaV)a- ),

~XoXo-)po(VeVe---),

~XeoXeXe--)pe(VeVe---),

XSl WOl ~ Wl ~X .

O

A consequence of this is that if (H,,) is any blocking of (h;) into an FDD then (> H,,), ~ £,.
Indeed each H,, is uniformly complemented in ¢ for some m,,, hence (}_ Hy,), is comple-
mented in (3 €)'"), = {,.



Theorem 11. [JO1] Let 2 < p < oo, X C L,. Then X —{, < (o / X. (KW] If ly & X

then for all e > 0, X1—>+6€p.)

The scheme of the argument is to show if 5 <+ X then there is a blocking (H,,) of the Haar
basis into an FDD so that X — () H,), in a natural way; =z = > x,, z, € H, — (x,) €
(>° H,),. Since (Y H,), ~ {, we are done.

We won’t discuss the specifics here of this argument but rather will sketch shortly the proof
of a stronger result. First we note the analogous theorem for 1 < p < 2, which has a different
form. Note the Theorem would also hold for 2 < p < oo and, unlike 1 < p < 2, the constant
K need not be specified.

Theorem 12. [Jo|] Let X C L,, 1 < p < 2. Then X — ¢, if (and only if) there ezists K < 0o

so that for all weakly null (x;) C Sx some subsequence is K -equivalent to the unit vector basis

of £p.

These results were unified using the infinite asymptotic game/weakly null trees machinery

which we will discuss after stating

Theorem 13. Let X C L,, 1 <p < o00. Then X — £, iff every weakly null tree in Sx admits

a branch equivalent to the unit vector basis of £,.

A tree in Sx is (Z4)aer, € Sx where
Tow ={(n1,...,ng) : k€N ny <--- <nyarein N} .
A node in Ty, is all (2(an))n>n, Where o = (nq,...,n;) or a = (. The tree is weakly null
means each node is a weakly null sequence. A branch is (z;)°, given by x; = T(n,...,
some subsequence (n;) of N.

It is worth noting that, just as in Proposition 3, if X C Z, a space with a basis (z;) and
(Za)aer,, € Sx is a weakly null tree then the tree admits a full subtree (Y, )aer,, S0 that each
branch is a perturbation of a block basis of (z;). By full subtree we mean that (yo)aer, =
(a)aer where T" C T is order isomorphic to 7" and if y, = 2 () then |y(o)| = |a| = length

of a. |(ny,...,n)| = k.

Remarks. The conditions for a general reflexive X,

A) Every weakly null sequence (x;) C X has a subsequence K-equivalent to the unit vector
basis of £, and

B) Every weakly null tree in Sy admits a branch equivalent to the unit vector basis of ¢,

are generally different. It is not hard to show that B) actually implies

10



B)" For some C' every weakly null tree in Sy admits a branch C-equivalent to the unit
vector basis of £,,.

Also B)' = A) by considering the tree (24 )aer, Where (,, .. n,) = Zn,. Indeed the branches

of (z,) coincide with the subsequences of (x;). But in L, one can show that A) and B) are in
fact equivalent. Thus Theorem 13 encompasses both Theorems 11 and 12.

Theorem 13 follows from

Theorem 14. [OS] Let 1 < p < oo, let X be reflexive and assume that every weakly null tree
in Sx admits a branch C-equivalent to the unit vector basis of £,. Assume X C Z, a reflexive
space with an FDD(E;). Then there exists a blocking (F;) of (E;) so that X naturally embeds

into (5 Fi),.

The conclusion means that for some K and all x € X, x = > z,, x, € F,, we have

K
]| ~ (32 [l 7).
We shall outline the steps involved in the proof. First we give a definition.

Definition. Let (E;) be an FDD for Z. Let 6§ = (&), d; | 0. A sequence (z;) C Sy is a
§-skipped block sequence w.r.t. (E;) if there exist integers 1 < ky < {1 < ko < f5 < --- so that

|2n — P(],fmén}znﬂ < 0, forall n.

Here for © = > x;, z; € Ej, P(%dl" = > ichqTi- Thus above the “skipping” is the PE
terms. (z,) is almost a block basis of (F,) with the Fj almost skipped.

Now let X C Z = [(E;)] be as in the statement of Theorem 14.
Step 1. There exists a blocking (G;) of (FE;) and § so that every d-skipped block sequence
w.r.t. (G;) in Sx is 2C-equivalent to the unit vector basis of /,,.

To obtain this one first shows that the weakly null tree hypothesis on X is equivalent to
(S) having a winning strategy in the following game (for all £ > 0).

The infinite asymptotic game: Two players (S) for subspace and (V') for vector
alternate plays forever as follows. (S) chooses n; € N. (V) chooses z; €

Sx N[(E:)i>ny),- - . Thus the plays are (ni, z1,ng, g, .. .).

(S) wins if (x;) € A(C + ¢) = {all normalized bases (C' + ¢)-equivalent to the unit vector
basis of £,}.

11



(S) has a winning strategy means that

Iny Vo, € Sx N[(E;)isn,)
dng Vs € Sx N [(Ez)zznz]

(x;) € A(C +¢)
(V) wins if (z;) ¢ A(C + ¢).
(V') has a winning strategy means that

Vg 3 € Sx N[(Ei)izn,]
v No B To € SX N [(Ez)zan]

(x;) ¢ A(C +¢)

Now these two winning strategies are the formal negations of each other, but they are infinite
sentences so must one be true? Yes, if the game is determined which it is in this case since
Borel games are determined [Ma]. Now if (V') had a winning strategy one could easily produce
a weakly null tree in Sx all of whose branches did not lie in A(C' + ¢). So (S) has a winning
strategy. Then by a compactness argument one can deduce Step 1 (2C' could be any C' + ¢
here).

The next step is a lemma of W.B. Johnson [Jo] which allows us to decompose any = € Sx
into (almost) a linear combination of §-skipped blocks, in X.
Step 2. Let K be the projection constant of (G;). There exists a blocking (F;) of (G;),
F; = (Gi)jeni_1,n, No =0 < Ny <---, satisfying the following.

For all x € Sx there exists (x;) C X and for all ¢ there exists t; € (N;_1, N;) (to =0, t; > 1)
satisfying

a) x =) 1,

b) fill < &; or [|PG | ,yzi — will < Ol
c) ||P(§i717ti):v — || < 0;

d) ol < K+1

e) |PS| <4

Moreover the above holds for any further blocking of (G;) (which redefines the N;’s).

12



Remark. Thus if x € Sx we can write x = Y z;, (x;) € X where if B = {i : ||z;]| > d;}
then (”;”—?”)ieg is a d-skipped block sequence w.r.t. (G;). Also the skipped blocks (G},) are in
predictable intervals, ¢; € (Nj—1, N;). And 3.0 p [lzi|| < 32 ds.

To prove Step 2 we have a

Lemma. Ve >0V N e€N3dn >N sothatifx € Bx, v =Y v, yi € G;, then there exists

t € (N,n) with
t—1

lwll <& and dist (Zyi,X) <e.
1

Proof. If not we obtain y™ € By for n > N failing the conclusion for t € (N,n). Choose
y™) 2y € By and let t > N satisfy |P¢ oyl < e/2K. Choose y™ from (y™)) so that
n >t and ||P[Lt)(y(” —y)|| <e/2K. Then

1P oy™ =yl < IIPSy ™ =) + |1 PEyyll < 5 + ==

2K 2K -
Also
1By ™ < 1PE(y™ = )l + 1 PPyl < 5ty =¢
This contradicts our choice of 3. 0

To use the lemma we select Ny = 0 < Ny < Ny < --- so that for all z € Bx there exists
ti € (N;—1, N;) and z; € X with HPthH < g; and HPﬁti)x—ziH <& Setx; =21, 1 = 2 — 21
for i > 1. Then > 7 x; = z, — x and the other properties b)—d) hold, as is easily checked, if
(K +1)(g; 4 25,_1) < 62 O

Now let (F;) be the blocking obtained in Step 2. It is not hard to show that if x = ) x; is
as in Step 2 then ||:L'|| (Z ||z;||P)}/?, provided § = (&;) is small enough. But this is not the
decomposition given by z = > v;, y; € F;. However we do have

i~ (?iﬂ,ti)(yi—l + ;) and

which yields HxH (Z |3:][P)*/? by making the appropriate estimates. O

Returning to X C L, (2 < p < 00) we have seen that one of these holds:

® XNEQ
o X —1/,
[ ] ﬁp@fg%X

13



The latter comes from Theorems 9 and 11. If X ~ f, and X + /, then X contains a
subspace isomorphic to 5 s0 X ~ 5 &Y. Now Y also contains ¢, (or else X ~ /5) and in fact
complementably (as a perturbation of a disjointly supported (f;) € Sr,) so £, @l — X.

Our next goal will be to characterize when X — ¢, @ ¢y and if not to then show that

(X la)p— X.
First we recall one more old result.

Theorem 15. [JO2] Let X C L,, 2 < p < co. Assume there exists Y C {,Hly and a quotient
(onto) map Q :Y — X. Then X — {, & (5.

This is an answer, of a sort, to when X < ¢, ® {, but it is not an intrinsic characterization.
The proof however provides a clue as to how to find one. The isomorphism X < ¢, ® {5 is

given by a blocking (H,) of (h;) so that X naturally embeds into
() o (Xl I),~ ot
Before proceeding we recall some more inequalities.

Theorem 16. [R] Let 2 < p < co. There exists K, < oo so that if (z;) is a normalized mean

zero sequence of independent random variables in L, then for all (a;) C R,

K, 1/p 1/2
| ]| = (X taat) v (X laldiz)
Note that in this case [(x;)] — ¢, & {5 via the embedding

Zaizi [ — ((ai)i, (aleZHQ)Z) c fp D gg .

The next result generalizes this to martingale difference sequences, e.g., block bases of (h;).

Theorem 17. [Bu2|, [BDG] Let 2 < p < oo. There exists C, < oo so that if (z) is a

martingale difference sequence in L, with respect to the sequence of o-algebras (F,), then

32, % ()™ v (i)™

Recall something we said earlier. Suppose that (x;) € S;, is weakly null. Passing to a

subsequence we obtain (y;) which, by perturbing, we may assume is a block basis of (h;).
Passing to a further subsequence we may assume ¢ = lim; ||y; || exists. If € = 0 a subsequence
of (y;) is equivalent to the unit vector basis of ¢, by the [KP] arguments. Otherwise we have

(essentially)

5(2 Iai|2>1/2 = H Zaiyi , S H Zaiyi
<o) (X lal)”
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using the fundamental inequality, Proposition 6. Thus [(y;)] embeds into ¢, & ¢, with (y;) as
a block basis of the natural basis for £, @ (5.
Johnson, Maurey, Schechtman and Tzafriri obtained a stronger version of this dichotomy

using Theorem 17.

Theorem 18. [JMST] Let 2 < p < oo. There exists D, < oo with the following property.

Every normalized weakly null sequence in L, admits a subsequence (x;) satisfying, for some
w € [0,1] and all (a;) C R,

|| B ) ‘2>1/2
HZaZzlp <Z|aZ|P> \/w<2|az| )

We are now ready for an intrinsic characterization of when X C L, embeds into ¢, @ /.

Theorem 19. [HOS| Let X C L,, 2 < p < co. The following are equivalent.
a) X — gp ©® gg

b) Every weakly null tree in Sx admits a branch (x;) satisfying for some K and all (a;)

” Zaixi ’I\(J (Z |ai|p>1/p V ’ Zaixi
< (Tlal) v (S leallad)

c¢) Every weakly null tree in Sx admits a branch (x;) satisfying for some K and (w;) C
[0,1] and all (a;),

’Zaixi /'I\(J (Z |ai|p>1/p\/ <Z|@i|2wz~2>l/2 .

d) There exists K so that every weakly null sequence in Sx admits a subsequence (x;)

2

satisfying the condition in b):

[ o] £ (Ctarr) ™ v ][ S
N (Z |ai|p>1/10 y <Z |ai|2€2> 1/2

where & = lim ||x;]|2
3

2

Condition ¢) just says that every weakly null tree in Sy admits a branch equivalent to a
block basis of the natural basis for ¢, & ¢, (discussed more below).

Conditions b) and c¢) do not require K to be universal but the “all weakly null trees...”
hypothesis yields this.

The latter “~” near equalities in b) (and d)) come from the fact that every weakly null

tree in Sz, can be first pruned to a full subtree so that each branch is essentially a normalized
block basis of (h;).

15



Condition d) is an anomaly in that usually “every sequence has a subsequence...” is a
vastly different condition than “every tree admits a branch...”. Here the special nature of L,
is playing a role.

The embedding of X into ¢, @ ¢y will follow the clue from Theorem 15 by producing a
blocking (H,) of (h;) and embedding X naturally into

(Z Hn)p & (Z(Hna H ’ H2))2 .

Thus if * = > 2, 2, € H, then ||z| ~ (3 ||z, [|P)2 vV (X ||lza||2) /2.
The proof of b) = a) is much like that of Theorem 14. We produce a blocking (H,,) of (h,,)
so that X naturally embeds into (> H,), @ (O_(Hn, | - ||2))2 ~ ¢, @ {>. In fact we obtain a

more general result.

A basis (v;) is 1-subsymmetric if it is 1-unconditional and || Y a;v;|| = || D a;v,,]|| for all (a;)

and all ng <ng < -+ -.

Theorem 20. Let X and Y be Banach spaces with X reflexive. Let V' be a space with a 1-
subsymmetric normalized basis (v;) and let T : X — Y be a bounded linear operator. Assume

that for some C' every normalized weakly null tree in X admits a branch (x,) satisfying:

” Zanxn X & H Zanvn 1% v HT<Za”x”> ‘Y '

Then if X C Z, a reflexive space with an FDD(E;), there exists a blocking (G;) of (E;) so that
X naturally embeds into (Y. G;)y @Y : ifx = > x;, v, € G; thenx — (x;)®Tx € (O Gy ®Y .

This is applied to V =¢,, Z = L, and Y = Ly where T": X — Ly is the identity map.

So we obtain b) = a) and clearly a) = ¢). Indeed suppose that X C (¢, @ {3)e. Then
given a weakly null tree in X some branch (z;) is a perturbation of a normalized block basis
(y:) of the unit vector basis for £, @ ¢,. Thus if ||y;|le, = ¢; and ||y;]|e, = w; then || Y~ a;yi|| =
(X |ail?les) 2 v (3 Jas[*w?) /2. From Proposition 6, || 3 aiyill,ee), > (3 ail?)/?, hence

O lail) v (3 Jailfwd) 2 < 1Y amill e, < 201> il
<2 [(X Jai) v (3 i)

To see ¢) = b) we begin with a weakly null tree in Sx and choose a branch (z;) satisfying the

¢) condition:
1/2

S (50r) (Sartor)
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Now we could first have “pruned” our tree so that each branch may be assumed to be a

block basis of (h;), by perturbations. We want to say that for some K’,
’ 1/p
| o] & (S v | S

K/
(We have > by the fundamental inequality.)
If this fails we can find a block basis (y,) of (z,),

2

kn kn
Yn = Z a;x; , with Z w?a? =1
i=knp_1+1 i=knp_1+1
o 1/p
and (> al?) "V flalls <27
i=kn_1+1

But then from the ¢) condition (y,) is equivalent to the unit vector basis of ¢, and from the
above condition and the [KP] argument, a subsequence is equivalent to the unit vector basis
of £,, a contradiction.

Note that b) = d) since if (z;) is a normalized weakly null sequence and we define (4 )acr.,
bY Z(n,....nx) = Tn, then the branches of (z4)aer., coincide with the subsequences of (x,,). Note
that the condition d) just says we may take the weight “w” in [JMST] to be “lim; ||x;]|2”.

It remains to show d) = b) in Theorem 19 and this will complete the proof of Theorem 21.
The idea is to use Burkholder’s inequality using d) on nodes of a weakly null tree, following
the scheme of [JMST] to accomplish this. That argument will obtain a branch (x,) = (z, ),

a, = (mq,...,m,) with

|~ ()" ()

where w; w lim,, | (a, 0|2 using d). O
Our next goal is to show that if X C L, and X dos not embed into £, @ {5 then X contains
an isomorphic copy of (> fs),. The idea will be to use the failure of d) to show (> (), — X.

In the [KP] argument we obtained a sequence (z;) C Sx with the z;’s becoming more and

1/2

more skinny:
limm[|z;| > ¢/ =0 forall >0

and then extracted an £, subsequence, of almost disjointly supported functions. Here we want

to replace x; by a sequence of skinny K-isomorphic copies of /5.

Theorem 21. Let X C L,, 2 <p < oco. If X does not embed into £, @ s then (> ls),— X.

17



We want to produce X; C X, X, K {5 where two things happen. First for all ¢ > 0 there
exists 7 so that if x € Sy, then m|[|z| > ¢] < e. Secondly we need that X; is not too skinny,

namely each By, is p-uniformly integrable.

Definition. A C L, is p-uniformly integrable if Ve > 035 >0V m(E) <dV z € A, we
have [, |z[P <e.

Lemma. Assume for some K and all n there exists (x}')5°, C Sx with im; ||z} =€, | 0
and (2); is K-equivalent to the unit vector basis of 5. Then (> l3),— X.

Sketch of proof. Note that if y = ). a;2} has norm 1 then, assuming as we may that (z7'); is

a block basis of (h;) and ||z} |2 ~ €, then

1/2
Iyl ~ (D alle?l) < Ken

So we have a sequence of skinny K —/5’s inside of X. We would like to have if " € [(2});] then
they are essentially disjointly supported so || >> 4" ~ (3 |ly™[|I?)/?, as in the [KP] argument.
Unlike in [KP] we cannot select one y, from each [(z]');] and pass to a subsequence. We
need to fix a given [(21');] for large n so it is skinny enough based on the earlier selections of
subspaces and also so that its unit ball is p-uniformly integrable so that future selections of

[(z]");] will be essentially disjoint from it.
To achieve this we need a sublemma.

Sublemma. LetY C L,, 2 <p < oo, withY ~ ly. There exists Z CY with Sy p-uniformly

integrable.

This is proved in two steps. First showing a normalized martingale difference sequence (z,,)
with {(z,)} p-uniformly integrable has A = {>_ a;x; : > a? < 1} also p-uniformly integrable
by a stopping time argument.

The general case is to use the subsequence splitting lemma to write a subsequence of an /5
basis as x; = y; + z; where the (y;) are a p-uniformly integrable (perturbation of) a martingale
difference sequence and the z;’s are disjointly supported and then use an averaging argument
to get a block basis where the z;’s disappear. U

The subsequence splitting lemma is a nice exercise in real analysis: Given a bounded (z}) C

/

Ly there exists a subsequence (z;) C (]

) with =; = y; + 2z, vi Az = 0, (y;) is uniformly

integrable and the z;’s are disjointly supported.

18



Now we return to condition d) in Theorem 19 and recall by [JMST] every weakly null

sequence in Sx has a subsequence (z;) with for some w € [0, 1],

H Zaixi % (Z |ai|p>1/p y w(z |ai|2)1/2

and d) asserts that for some absolute C, w £ lim; ||zi|l2. Now clearly we can assume that

w > lim; ||@;]|2 and if d) fails we can use this to construct our fy’s satisfying the lemma and
thus obtain () ¢s), — X.
Indeed d) fails yields that we can take a normalized block basis (y;) of a given (x;) failing

D
the condition for a large C' to obtain (y;) ~ (5 basis yet ||y;||o remains small. O

So we have the dichotomy for X C L,, 2 < p < oo. Either
o X —/(,®dlor

o (> ), —X.

In the latter case using L, is stable we can get for all e > 0, (3> (s), — X.
The theory of stable spaces was developed by Krivine and Maurey [KM]. X is stable if for
all bounded (z,), (y,) C X,

provided both limits exist. They proved that if X is stable then for some p and all € > 0,
¢ Fx. They also proved L, is stable, 1 < p < oo.

We have obtained in our proof that if X & ¢, ® {5 then for some K and all € > 0 there
exist X, C X, X, X €, and if z,, € X,,, I ey (3> [|lzal|P)Y/P. Using L, is stable we can
choose Y,, C X,,, Y, I Uy for all n.

In fact we can get (> ¢s2), complemented in X via the next result.

We note first that if (z;) C S 1, 18 K-equivalent to the unit vector basis of f, then, as
mentioned earlier, by [PR] it is C'(K)-complemented in L, by some projection P. Also P
must have the form (true for any projection of any space onto /s)

Pz =) xf(z)r; where (z}) is biorthogonal to (z;) and is weakly null in L,
I+ L =1).

p p

Proposition 22. For all n let (y}"); be a normalized basic sequence in L,, 2 < p < oo, which

is K -equivalent to the unit vector basis of by and so that for y, € [(y")i],

| & (S tle) ™

Then there exists subsequences (z}); C (y):, for each n, so that [{z}' : n,i € N}| is comple-

mented in L,.
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Proof. By [PR] each [(y}");] is C(K)-complemented in L, via projections P, = Y y@*(x)yy,.
Passing to a subsequence and using a diagonal argument and perturbing we may assume there

exists a blocking (H") of (h;), in some order over all n,m, so that for all n,m, supp(y/*),

n *

n* 2 0 (in Ly) as m — oo for each n. Set

supp(y”) € H. This uses y? — 0 and y
Py=>_ . un W)y, We show P is bounded, hence a projection onto a copy of (3 /2),.
Let y =3, y(n,m), y(n,m) € H}".

1Pyl = 523" un . ),

- (zn: (Xm: [y *(y(n, m))|2)p/2) 1/p |

Now
1/2
(Z i (y(n, m>>|2) ~ Pay(m)] < COR) [y
where y(n) = > y(n,m). So

12yl < ) (X all?) " < CUOll

g

Remarks. The proof of Proposition 22 above is due to Schechtman. He also proved by a
different much more complicated argument that the proposition extends to
1<p<2.

In [HOS] the proofs of all the results are also considered using Aldous’ [Ald] theory of
random measures. We are able to show if (D ¢3),— X C L,, 2 < p < 0o, then given ¢ > 0
there exists (DY), & X, d(Y,, l2) < 14 ¢ and moreover: there exist disjoint sets A,, C [0, 1]
with for all n, y € Yy, [[y[a, || = (1 —e27")||y|| and [V, : n € N} is (1 +¢) C, ' complemented
in L, where C), is the norm of a symmetric normalized Gaussian random variable in L,. This
is best possible by [GLR].

We can also deduce the [JO2] result: X C L,, 2 < p < oo, and X is a quotient of a subspace
of £, ® ly = X — {, ® (5, by showing that such an X cannot contain () ls),.

We shall prove something more general, namely that (> ¢,), is not a quotient of a subspace
of ¢, ® {; when p,q > 1 and p # ¢. By duality it will be enough to consider the case
p > q. For elements w = (wy,ws) of ¢, & {, we shall write ||wl|, = |[wi|l,, ||w]; = |Jws|l, and

[wll = [[wllp V {lwlly-

20



Lemma. Let 1 < g <p < oo and let W be a subspace of £, D ;. Let X ={,, let Q: W — X
be a quotient mapping and let X be a constant with 0 < X < ||Q||~*. For every M > 0 there is

a finite co-dimensional subspace Y of X such that, for w € W we have

Jw]| <M, Qw) €Y, [Qw)]| =1 = [wlly > A.

Proof. Suppose otherwise. We can find a normalized block basis (z,) in X and elements wy,
of W with ||w,| < M, Q(w,) = x, and [Jw,||, < A\. Taking a subsequence and perturbing
slightly, we may suppose that w,, = w + w],, where (w/)) is a block basis in ¢, & /,, satisfying
el < M, i lly < A

Since Q(w) = w-lim Q(w,,) = 0, we see that Q(w!,) = z,,. We may now estimate as follows

using the fact that the w!, are disjointly supported:

al l 1/p al 1/q
IS wn] = (DT etliz) v (3 lhwilig) ™ < NYear v N,
n=1 n=1 n=1

Since the z,, are normalized blocks in X = ¢, we have

N N
N = ||| < QI DS wh| < MIQUNYP v AIQINe.
n=1 n=1
Since A[|@|| < 1, this is impossible once N is large enough. O

Proposition 23. If1 < g <p < oo then (D> {,), is not a quotient of a subspace of £, & (.

Proof. Suppose, if possible, that there exists a quotient operator

Lot 27 % X = (@Xn>

neN P

where X,, = ¢, for all n. Let K be a constant such that T[KBz] O Bx, let A be fixed with
0 < A< ||Q|7, choose a natural number m with m/9=1/? > K\=! and set M = 2Km'/?.

Applying the lemma, we find, for each n, a finite co-dimensional subspace Y,, of X,, such
that

2) 2 € MBy, Q(2) €Y, Q=1 = ||z]ly > A

For each n, let (e§")) be a sequence in Y, 1-equivalent to the unit vector basis of ¢,. For each
m-tuple i = (41,49, ...,4,) € N let z(i) € Z be chosen with
o (D) 2 (m)
Qz(i) = ¢, + e, +---+eg

11 tm

and [|z(i)|| < Km!/P.
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Taking subsequences in each co-ordinate, we may suppose that the following weak limits

exist in Z

Z(i17 iQ, Ceey im—l) == W—limim_wo Z(ih iQ, c. ,im)
Z(il, ig, Ce ,ij) = W—hmi]*lﬂoo Z(il, iz, Ce ,ij+1)

Z(Zl) = W—limhﬂooz(il, Zz)
Notice that, for all j and all 4y, 4,, ..., 1;, the following hold:
QUalin, .- i) = &) + - ey
||Z(i1, PN 7Zj)|| S Kml/p
2(i1, ... 05) — 2(i1, ... i1)|| < 2Km'/P = M.
Since Q(z(i1,...,0;) — 2(i1,...,4j-1)) = eg) € Sy, it must be that
(3) ||Z(21,,Zj) —Z(Zl,,lj_l)Hq >\, [by (2)]
We shall now choose recursively some special i; in such a way that ||z(iy, ..., 4;)||, > Aj'/ for

all j. Start with iy = 1; since [|2(41)|| < M and Q(z(i1)) = eV we certainly have |12(i1)|lg > A

i1
by 2. Since z(i1, k) — 2(i1) — 0 weakly we can choose i such that z(iq,i2) — z(i) is essentially

disjoint from z(i1). More precisely, because of 3, we can ensure that
12(i1, i0)llg = [12(0) + (2(i1,72) — 2(i0))[lg > (AT + AT = A21/,
Continuing in this way, we can indeed choose i3, ...,1,, in such a way that
oy i)l = A

However, for j = m this yields
Aml/e < Kml/p,

contradicting our initial choice of m. U

Remark. The proof we have just given actually establishes the following quantitative result:
it Y is a quotient of a subspace of ¢, @ ¢, then the Banach-Mazur distance d (Y, (EB;”ZI Eq)p)

is at least mlt/a=1/pl,

We can also obtain some asymptotic results. First we recall the relevant definitions

cof(X) ={Y C X : Y is of finite co-dimension in X} .
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Definition. [MMT] Let (e;)} be a normalized monotone basis. (¢;) € {X},, the n'® asymp-
totic structure of X, if the following holds;

Ve>0V X; €cof(X) Iz € Sy,
V Xy € cof (X) J a9 € Sk,

vV X, € cof(X) 3z, € S,
with dp((z;)7, (€;)7) <1+¢

The latter means that for some AB < 1+ ¢ for all (a;)} C R,
Z a;e;|| < H Zail'i < BH Z a;e;
1 1 1
n 1+e

e, ()7 ~ (e)t. dp() is the basis distance and is defined to be the minimum of such AB.

Afl

Y

An alternate way of looking at this when X* is separable is that { X },, is the smallest closed
subset of (M,,, dy(-,-)) satisfying: V ¢ > 0 every weakly null tree (of length n) in Sx admits a
branch (z;)} with dp((x;)7, {X}n) < 1+e. Here M,, is the set of normalized bases of length n.

The metric on M, is actually logdy(-,-) and M,, is compact under this metric.

Definition. X is K-asymptotic £, if for all n and all (e;)} € {X},, ()} is K-equivalent to

the unit vector basis of EZ.

The [KP], [JO1] results yield for X C L,, 2 < p < o0

e X is asymptotic £, = X —{, (since ly /> X)
e X is asymptotic {5 = X — (5 (since {, / X).

Definition. X is asymptotically 0, & {5 if 3 K ¥V nV (e;)7 € {X}, 3 (w;)} with
n n 1/ n 1/2
| S aies] & (D tair) v (Y wiat)
1 1 1

This just says that for some K every weakly null tree of n-levels in Sx admits a branch

K-equivalent to a normalized block basis of ¢, @ /.
Proposition 24. Let X C L,, 2 <p < o0o. X s asymptotically , ® s iff X — £, D (5.
This follows easily from our results by showing that (> ¢5), is not asymptotically ¢, & /5.

Problem. Let X C L,, p > 2. Give an intrinsic characterization of when X —(>_ {3),.
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In light of the [JO2] ¢, & {5 quotient result (see paragraph 7.1 above) we ask the following.

Problem 25. Let X C L, (2 < p < 00). If X is a quotient of (D /¢s), does X embed into

(22 2)y?

Extensive study has been made of the £, spaces, i.e., the complemented subspaces of L,
which are not isomorphic to ¢ (see e.g., [LP] and [LR]). In particular there are uncountably
many such spaces [BRS] and even infinitely many which embed into (> ¢5), [S1]. Thus it
seems that a deeper study of the index in [BRS] will be needed for further progress. However

some things, which we now recall, are known.

Theorem 26. [P| IfY is complemented in (, then Y is isomorphic to £, (Proposition 10).
Theorem 27. [JZ] If Y is a L, subspace of €, then'Y is isomorphic to (,,.

Theorem 28. [EW] IfY is complemented in £, @ ly then Y is isomorphic to €, ly or £, @ .

Theorem 29. [O] IfY is complemented in () (3), then'Y is isomorphic to {,, U5, £, & ly or

(22 C2)p-

We recall that X, is the £, discovered by H. Rosenthal [R]. For p > 2, X, may be defined to

be the subspace of ¢, & (5 spanned by (e; +w; f;), where (e;) and (f;) are the unit vector bases

of ¢, and (s, respectively, and where w; — 0 with ) wfp/p_z = 00. Since £, @ { embeds into
X, the subspaces of X,, and of £, & {5 are (up to isomorphism) the same. For 1 < p < 2 the
space X, is defined to be the dual of X, where 1/p+1/p’ = 1. When restricted to £,-spaces,

the results of this paper lead to a dichotomy valid for 1 < p < oc.

Proposition 30. Let Y be a L,-space (1 < p < 00). FEitherY is isomorphic to a complemented

subspace of X, or'Y has a complemented subspace isomorphic to (D ls),.

Proof. For p > 2 it is shown in [JO2] that a L,-space which embeds in ¢, & ¢, embeds
complementedly in X,. Combining this with the main theorem of the present paper gives
what we want for p > 2. When 1 < p < 2, the space X, is defined to be the dual of X, and

so a simple duality argument extends the result to the full range 1 < p < . U

It remains a challenging problem to understand more deeply the structure of the L,-

subspaces of X, and £, © (5.

Theorem 31. [JO2] If Y is a L, subspace of £, & s (or X,), 2 < p < 0o, and Y has an

unconditional basis then Y is isomorphic to £y, ¢, ® ly or X,,.
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It is known [JRZ] that every £, space has a basis but it remains open if it has an uncondi-

tional basis.

Theorem 32. [JO2| If Y is a L, subspace of £, ® ly (1 < p < 2) with an unconditional basis

then Y is isomorphic to €, or €, & (5.

So the main open problem for small £, spaces is to overcome the unconditional basis

requirement of 31 and 32.

Problem 33. (a) Let X be a £, subspace of £, & {5 (2 < p < 00). Is X isomorphic to £,
l, ®ly or X7
(b) Let X be a L, subspace of £, & {5 (1 < p < 00). Is X isomorphic to £, or £, & (57

[BRS]
[Bul]
[Bu2]

[BDG]

[D]
[EW]

[FHHSPZ|

[GLR]
[HOS]
[Jo]
[IMS]
[IMST]

[J01]
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